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We introduce the entangled coherent state representation, which provides a powerful technique 
for efficiently and elegantly describing and analyzing quantum optics sources and detectors while 
respecting the photon number superselection rule that is satisfied by all known quantum optics 
experiments. We apply the entangled coherent state representation to elucidate and resolve the 
longstanding puzzles of the coherence of a laser output field, interference between two number 
states, and dichotomous interpretations of quantum teleportation of coherent states. 
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I. INTRODUCTION 



Empirically, quantum optics obeys a photon number 
superselection rule (PNSSR) due to the lack of an ab- 
solute clock or phase standard at optical frequencies; 
electromagnetic field sources such as the laser p], an- 
tibunched light sources 0] and the micromaser Q can be 
described by incoherent mixtures of number states, and 
photodetection described by projective measurement in 
the number state basis. However, coherence is an integral 
part of quantum optics, and the coherent state [4|, which 
is a coherent superposition of number states, explicitly 
violates this PNSSR. Pure Gaussian states, such as co- 
herent states and squeezed states, are very "convenient 
fictions" p|- Despite the PNSSR, the Gaussian state is 
often attributed ontological significance when describing 
things such as the 'physical' laser output field 0, the 
atomic Bose- Einstein condensate 0, local oscillators in 
homodyne detection |7j, and continuous- variable quan- 
tum teleportation of coherent states 0, EJ El ■ The on- 
tological view of Gaussian states is reinforced by opti- 
cal homodyne tomography, which claims to reconstruct 
these states jljj. However, such Gaussian states only 
appear through a commitment of the partition ensem- 
ble fallacy whereby the density operator is preferentially 
decomposed into a mixture of coherent states 0, 0] . 

The reason for the preference shown towards Gaus- 
sian states over number states in quantum optics is the 
coherent state's usefulness as a representation in inter- 
ferometry. The essence of its usefulness is that a lin- 
ear mode coupling (as in frequency conversion, polariz- 
ing beam splitters and directional couplers), described by 
a unitary transformation that conserves the total num- 
ber of quanta, will transform a product of two coherent 
states to another such product state 0. This simple 
relation for linear mode coupling is responsible for the 



ease of calculating with coherent states over alternative 
representations . 

Our aim is to introduce a simple method in quantum 
optics, which is elegant both as a calculational tool and 
as a conceptual framework, that respects the PNSSR 
(whereby sources produce incoherent mixtures of num- 
ber states, and detectors count photons). We apply this 
technique to the challenges of describing interference by 
mixing independent number states [Tjjj . coherence of a 
multimode laser output field [l4|, the role of the local 
oscillator in homodyne detection, distillable entangle- 
ment versus pure entanglement for two-mode squeezed 
light 01 1 and the nature of quantum teleportation of 
coherent states 0, 0, 0| . These applications demon- 
strate that our operational approach to quantum op- 
tics respecting the PNSSR can quite simply describe all 
experiments traditionally described using optical coher- 
ence. 

Interferometric calculations with number states are te- 
dious: for n-mode coupling, the matrix elements for the 
unitary transformation are given by the SU(n) Wigner d- 
functions [tH fl8| . Here we show that these calculations 
are made simple and easy to interpret by represen ting 
number states as entangled coherent states [l^, |2(J, l2lL 
12^ . with the entanglement taking place over a common 
phase. This entangled coherent state approach enables 
easy calculations with number state sources by exploit- 
ing the ease of using the coherent state representation. 
Moreover the entanglement is not fragile: whereas one 
normally regards multipartite entangled coherent states 
as fragile and challenging to construct [2ij, the fragility 
arises due to decoherence with respect to the optical en- 
vironment. For the entangled coherent states employed 
here, a decohering mechanism is described by an environ- 
ment that is phase-sensitive and thus would violate the 
PNSSR obeyed by all sources and measurements. 

We begin by reviewing salient points concerning co- 
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herent states, discussing linear mode coupling, the coher- 
ent state representation, and the nature of the laser as a 
source obeying the PNSSR. We then use the techniques 
introduced to analyze interferometry between indepen- 
dent number states, homodyne detection, squeezed light 
sources and continuous variable quantum teleportation. 



II. CONCEPTS AND METHODS 

A. Coherent states and linear mode coupling 

A coherent state € C, can be expressed in terms 

of the Fock states \n) Q as 



V2 V J—e m *\n). 



(2.1) 



for 9 = \g\t, 4> = ar g(#) an d t the interaction time. 

As is well known, the linear coupling unitary trans- 
formation l|2.6ll transforms a two-mode product coherent 
state to a two-mode product coherent state Q . The easi- 
est way to establish this property is first to note that the 
annihilation operators transform according to 



^(M)u)tf(M)=A4(M)U 



for 
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If the input state is the two-mode coherent state, the out- 
put is the eigenstate of the output annihilation operators 
in 12.7|l . namely the two- mode coherent state 



where a is expressed in polar coordinates as a = 
^/fie lv , with amplitude \ffi (mean photon number n) and 
phase <p. This coherent state has photon number statis- 
tics given by the Poisson distribution 



n„(n)^e- fi — , 

77.' 



(2.2) 



with mean and variance both equal to n. The coher- 
ent state is an eigenstate of the annihilation operator a, 
satisfying the eigenvalue relation 



a\ct) 



a\a) 



(2.3) 



It is also a minimum uncertainty state with respect to 
its conjugate quadrature operators q = q and p = q n / 2 
where (choosing units such that K = 1) 



1 

V2 



e a - 



(2.4) 



The canonically conjugate operators satisfy the com- 
mutator relation [q,p] = il, and the minimum uncer- 
tainty relation is thus AqAp = 1/2. The coherent 
state is a displaced vacuum state, |a) = D(a)\Q), for 
D(a) = exp(aa^ — a*a). 

The properties discussed above are often cited as the 
key properties of the coherent state, but another prop- 
erty is crucial for calculations in quantum optics. So far 
we have considered single-mode coherent states; we intro- 
duce the two-mode coherent state |a, /?) = |a) a <g> \(3}b, 
where a, b label the two modes. The Hamiltonian that 
generates linear mode coupling is given by 



H = i(g*a r b- gatf), 



(2.5) 



with \g\ quantifying the coupling strength between the 
two modes and arg(g) the relative phase shift between 
the modes imposed by the coupling. The Hamiltonian 
(|2.5|) generates the unitary evolution operator 

U(0, (f>) = exp(-iFt) = cxp (Oe-Wtfb ~ Oe^ab^j (2.6) 



= \a cos 9 + ^e _i * sin <2,-ae i0 sin 6 + f3 cos 9). (2.9) 

The condition for 50/50 (or 3 dB) splitting is met if 9 = 
tt/4. 

Another important aspect of coherent states is that 
they constitute an overcomplete basis of the Hilbert space 
for the harmonic oscillator, giving 
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(2.10) 



with 1 the identity operator. An arbitrary density oper- 
ator can be expressed as 



P : 



d 2 a 
"2tT 



P(a)\a)(a\, 



(2.11) 



with P(a) the Glauber-Sudarshan P representation fj, 
I24I ] . Density operators are said to be nonclassical if and 
only if P{a) does not satisfy the axioms of a true prob- 
ability density; if it does, the field density operator is 
"semiclassical" . 



B. Photon number superselection rule 

Quantum optics empirically obeys a photon number 
superselection rule (PNSSR). Operationally, a superse- 
lection rule can be expressed as an invariance of all states 
and operations (unitary transformations, measurements, 
dissipation, etc.) by a group action [2f|. For a PNSSR, 
this group is the U(l) group of unitary phase shifts, with 
the unitary phase-shift operator given by 



•P(A) = exp(iAa f a), 



(2.12) 



A E [0, 2ir), which transforms the coherent state accord- 
ing to 



P(A)\a) = \as 



iA\ 



(2.13) 



3 



The PNSSR ensures that density operators for quantum 
optics sources are U(l) invariant: 

V(A)pV j (A) =p, AeU(l). (2.14) 

Expressing the integration measure as d 2 a/-7r = fitpdn, 
where we use the 'slash notation' for the differential oper- 
ator 4 = d/2ir, the independence of the density operator 
on phase shifts l|2.14[l implies that P(a) is axisymmetric 
over the complex-a plane: 

P(a) = P(Vn). (2.15) 

This constraint on the representation is quite strong. 
The constraint (|2.15(l allows the arbitrary density opera- 
tor (|2.11|) to be expressed as 

p= I P(Vn)\Vne ilp )(Vne iip \ 

Jo Jo 

oo 

= J2Pn\n)(n\ (2.16) 

n=0 

with 

/•OO 

Pn = 2 dnn n (n)P(Vn) (2.17) 
Jo 

and n„(fi) the Poisson distribution defined by 12. 2|) . 

We see that a consequence of the PNSSR is that any 
optical source can be regarded in two equivalent ways: 
as a source of coherent states with quasi-probability dis- 
tribution P(a) = P(^/n) that is uniform in phase, or 
as a source of number states with the photon number 
distribution given by 12.17fl . Each interpretation is com- 
patible with experimental results; to ascribe ontological 
significance to one description over the other is a fallacy. 

C. Entangled coherent state representation 

We have established above that sources satisfying the 
PNSSR can be regarded as mixtures of number states. 
The challenge of using number states for interferometric 
calculations is that matrix elements of the linear coupling 
unitary transformation l|2.ti[) in the number state basis 
are the SU(n) Wigner d functions, for example d? mn (9) 
for two-mode coupling; tools for efficiently calculating 
SU(2) and SU(3) Wigner d functions are available includ- 
ing asymptotic techniques 0, 0] , but in the following 
we establish an easier formalism for quantum optics cal- 
culations that employs a coherent state representation. 

The coherent states form a basis, and thus we can rep- 
resent any number state in this basis as a superposition 
of coherent states. In doing so, there exists an ambi- 
guity due to the overcompleteness of the coherent state 
basis. Our preference here is to represent the number 
state as a superposition of coherent states over a circle 
in the complex-a phase space |26| . 

\n) = [lUm)]- 1 / 2 / dVe^lV^), (2.18) 



which is valid for any integer m > 0. We choose to fix 
772 = n so that the number state is presented as a super- 
position of all coherent states on the circle with radius 
\fn. 

The natural extension of Eq. I|2.18[) to a two-mode Fock 
state is given by 

|77 , 77') = [n n (n)n„,(T7')r 1/2 

x J fofa'e-^+^v'^V^e^ ,Vrie iv ') (2.19) 

with \^ne iv> , \frJ e lv ) a two- mode coherent state. Al- 
though at first glance the right hand side of (|2.19l) ap- 
pears to be a two-mode entangled coherent state [l!J, |2jj, 
El El, it is a product state and hence not actually en- 
tangled. However, the state becomes a genuine entangled 
coherent state subsequent to linear coupling by l|2.6|l of 
the two modes. The entangled coherent state represen- 
tation is a great advantage in studying linear coupling of 
number states, as shown in the following. 

Consider the linear mode coupling transformation of 
an input state consisting of 77 photons in one mode and 
no photons (the vacuum state |0)) in the other mode. In 
the entangled coherent state representation we can write 

|77,0) = [n„(77)p 1/2 /^dVe-^l^e^O). (2.20) 
Jo 

The output state, following the transformation (|2.(i|l . is 

U{6,4>)\n,G) =[n n (77)r 1/2 r^e- in ^ 

Jo 

x IV^cos^-e^+^Vnsinl?), 

(2.21) 

where we have used the results derived in Eq. 112. 911. T his 
output state (|2.21l) is an entangled coherent state |l9Ll20l 
Ell l22j|. with the entanglement over optical phase; this 
entanglement is robust against any decoherence mecha- 
nism involving linear coupling to an environment that 
also obeys the PNSSR. Only a decoherence mechanism 
that breaks the PNSSR can destroy this entanglement. 

The general two-mode Fock state <|2.19[1 transforms via 
linear coupling to the entangled coherent state 

U(e^)\n,n') = [n„(77)n n ,(77')r 1/2 J fofo 1 e-KwV) 

x\^e iip cos 9 + Vrie^'-^ sin (9, 

- vW ( ^W6> + VnV^'cosI?), (2.22) 

with the entanglement over two optical phases ip and if' . 
Generalization to multimode Fock states is straightfor- 
ward. 

III. SOURCES: THE LASER FIELD 

An important application of this theory is to the laser 
output field. There are standard theories that describe 
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the formation of the intracavity laser field, which is nec- 
essarily diagonal in the number state representation 0. 
Nevertheless, the field emitted from the cavity exhibits 
multimode coherence, and it is tempting to regard the 
multimode laser output as being in a multimode coher- 
ent state. A number state in the cavity appears to lead 
to a highly entangled multimode output whereas the in- 
tracavity coherent state leads very nicely to a product 
coherent state in the multimode extracavity field. 

The preference for coherent states is highlighted in a 
recent discussion of the ideal laser and its output field by 
van Enk and Fuchs (vEF) jy). They express a preference 
for treating the laser in terms of coherent states, a view 
that was originally championed by Glauber p|. However, 
the ease of using the coherent state representation should 
not be regarded as a justification for a commitment of 
the partition ensemble fallacy and thus regarding number 
states as less physical. The formalism developed here 
clarifies why a number state in the cavity can equally 
well lead to a coherent multimode output. 

As the intracavity field is described by an axisymmet- 
ric density matrix of the type (|2.16|l , it is equally valid to 
describe the source as a distribution of number states or 
as a distribution of coherent states. With the entangled 
coherent state formalism, we show that the output field 
may be regarded as an entangled coherent state with the 
entanglement over the optical phase variable of the laser. 
This entangled state can be expressed as a superposition 
of product coherent states, which exposes the multimode 
coherence of the output field. However, the reduction to 
a multimode coherent state, which is what vEF yearn for 
in describing their "complete measurement" that would 
collapse the wave function into a particular overall phase 
requires that one breaks the PNSSR. We argue in the 
following that there is no need and no justification for 
postulating such a decoherence process. We do not ar- 
gue that such a complete measurement is not possible in 
principle, only that no process of this type is present in 
current quantum optics experiments and would require 
an absolute clock or phase standard at optical frequen- 
cies. Without such a complete measurement, the number 
state and coherent state sources are equally valid phys- 
ically, and the entangled coherent state representation 
clarifies that a number state in the cavity produces ex- 
actly the desired multimode coherence. 

Specifically, the multimode laser output can be de- 
scribed by employing multiple spectral components, a se- 
quence of pulses, spatial modes or other possibilities. The 
actual nature of the output modes is not important to 
this analysis; only the fact that the coupling between the 
single-mode intracavity field and the multimode output 
field is via a linear coupling mechanism. For simplicity 
we assume that the laser is ideal with Poissonian photon 
statistics according to the distribution Q2.2[l . and assume 
that the density operator for the single-mode field in the 



laser cavity is 

p L (n) = J folVfic^iVfie^l 

OO 

= J2^n(n)\n)(n\, (3.1) 
n=a 

which is a mixture of coherent states with amplitude y/K 
in the cavity, uniformly distributed over the optical phase 
ip, and is also a Poissonian mixture of number states with 
n the mean number of photons. 

The laser field output is related to the input field by 
linear coupling of the form (|2.6|l . with the annihilation 
operator b given by a linear combination of annihilation 
operators b^ for each of output field mode. If we consider, 
for example, a continuous-wave (cw) output field, the 
multimode output is described by a sequence of overlap- 
ping pulses (spread over both time and frequency) that 
together constitute the nearly monochromic output field. 
This case is the one considered by vEF. The appeal of 
employing coherent states is that the intracavity state 
Iv^-e 1 ^) can produce the TV-mode product state 

N 

\^K/N^,...,^jN^) = J{\y/KjNe^) k , (3.2) 

fc=i 

describing a state for which the photons have been split 
equally between the N modes. The state (13.2(1 is one 
possible description of the laser output field: an initial 
density that is diagonal in the number state representa- 
tion must yield an output density that is also diagonal 
in this representation [2j| unless the PNSSR is broken, 
which is certainly not the case for linear coupling. 

We now show how a source of number states yields 
equivalent results. In analogy to the linear coupling 
Hamiltonian and initial conditions that yield the product 
state (|3~21) . we can also consider a number state |m) in 
one mode, the vacuum in the other A^ — 1 modes, and the 
same linear coupling transformation. The input state of 
m photons in the first of N modes and all other modes 
in the vacuum state to an equal distribution of photons 
in all N modes, as for (|3.2() . is given by 

PMm)]~* / 4.<pe im *\<fifUP, 0, • • • , 0) 

(3.3) 

This entangled coherent state is a superposition of prod- 
uct coherent states that are identical in amplitude and 
phase, with coefficients of the superposition distributed 
uniformly over the phase ip. 

The entangled coherent state represents the output of 
the laser field for an m-photon number state prepared in 
the single-mode intracavity field. Expression (|3.3|l is as 
valid as expression <|3.2ll in describing the output field. 



Although the product coherent state has been champi- 
oned [14| , avoiding the partition ensemble fallacy requires 
each decomposition to be equally acceptable. 

The laser's coherence time or length can be easily de- 
scribed within the entangled coherent state representa- 
tion of the number state (|3.3|) by including a random 
walk in the phase. For the product coherent state in the 
following expression representing the amplitudes of suc- 
cessive overlapping pulses, the ideal laser output field can 
be expressed as 



Cavity b 



[n m (m)P 5 J <i(pe imip \y^/Ne ilp(tl \ y/m/Ne^*^), 

(3.4) 

where <p(t) is determined for times {tk} by a stochastic se- 
quence. The sequence can be regarded as a random walk, 
and correlations are calculated from the above multimode 
entangled coherent state, averaged over all realizations of 
this random walk in phase. 

With the above expression, the role of vEF's "complete 
measurement" ll4| is clear. This measurement would ide- 
ally measure the phase of one state either in the prod- 
uct state (I3.2|l . or, equivalently, in the entangled coher- 
ent state (|3.3f) and yield a result for the phase. For the 
case of the intracavity field described by a number state, 
the result is that the entangled coherent state 'collapses' 
to a product of n — 1 identical coherent states, regard- 
less of the fact that the intracavity field initiated as a 
number state. Thus, there is no physical preference for 
the coherent states as a decomposition of the density op- 
erator. Moreover, their "complete measurement" must 
break the PNSSR, which would require an ancilla state 
such as atoms in a superposition of different energy eigen- 
states (27] . This requirement of a superposition of energy 
eigenstates simply shifts the burden by allowing phase 
localization to occur by using a source wherein phase lo- 
calization is available. 



IV. INTERFERENCE OF NUMBER STATES 

The analysis of interferometry with number states be- 
comes straightforward when using the entangled coherent 
state representation, because an interferometer is a lin- 
ear mode coupler. For an interferometer with N modes, 
the unitary transformations are elements of the Lie group 
SU(iV — 1) 28]. Transformations can be calculated from 
matrix elements of the unitary linear coupling transfor- 
mation, but the calculations, which involve Wigner d 
functions, are complicated (although solutions are known 
for small N The entangled coherent state for- 

malism offers an elegant alternative. 

We now use this formalism to examine the remarkable 
result that interference can be observed between inde- 
pendently generated number states. Consider an initial 
state of two modes a and b of the light field that takes the 
form of a product of Fock states \n 1 ) a \n2)b\ the modes 
are subsequently combined at a beam splitter, followed 
by photodetection at both output modes. 




B photons 



FIG. 1: Schematic of a scheme to interfere the output state 
of two cavities at a beam splitter to detect interference. A 
partial mirror on each cavity (in grey) gives a linear coupling 
of the cavity to the output mode. These output modes are 
combined at a beam splitter, followed by photodetection. 



It is well accepted that if the initial states of the two 
modes were coherent states, then an interference pattern 
will be recorded at the two detectors. This interference 
pattern could be passively observed as a function of time 
(if the two modes were at slightly different frequencies), 
or as a function of some actively varied phase shift 8 
introduced in one of the modes just prior to the beam 
splitter (see Fig. It is often stated, however, that, 
since the first order correlation function vanishes for 
the state |ni) a |?i2)fc, no interference will be observed in 
this case. ("This [mixing of number states] yields a zero 
correlation function and thus no fringes are obtained." 
- Ref. 29], p. 38.) Such arguments are sometimes then 
applied to the Pfleegor-Mandel experiments [3(j , in which 
interference patterns are observed between the outputs 
of two different lasers, in order to claim that the laser 
output is necessarily a coherent state. 

As we now show, these arguments are erroneous - they 
ultimately arise from a misconception about the role 
of correlation functions in determining operationally ob- 
servable properties of the electromagnetic field. M0lmer 
has shown 0, l3l| , through intensive calculations and nu- 
merical simulations, how two independent Fock states 
can interfere. We employ the entangled coherent state 
representation to show this result analytically through a 
much simpler analysis. Although our results are phrased 
in terms of interference between photons, they apply 
equally well to other bosonic modes such as Bose-Einstein 
condensates. In fact, by our technique we can reproduce 
the celebrated result of Javanainen and Yoo again 
by a simpler analysis. 

Consider the case that two spatial modes a, b each con- 
tain the same definite number of photons n, at the same 
frequency. Following Eq. I|2.19|l . the initial state of the 
two cavities can be expressed in the entangled coherent 
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state representation as 
\ip) = \n)a\n) b 

= TTT^ I fofo'e-' m(tpW) \^)a\^') b . 

Ll n [Tlj J 

(4.1) 

The field emission from the cavity is described by a linear 
output coupling. After some time, let ct\ (&i) represent 
the extracavity output fields and 02 (^2) represent the in- 
tracavity fields; see Fig.^ The extracavity modes aq, b\ 
now contain some fraction e of the total light in the mode. 
The state of the two spatial modes is 

M = tTT~\ I M^^ in{ip+V ' ] \V^e^) ai \V^e^) bl 

n„(n) J 

®W(\-e)ne lv ) a ,W{l-e)ne lv ') b2 . (4.2) 

Note that the linear coupling does not maintain a Fock 
state in the cavity: an indefinite number of photons are 
leaked out, determined by the coupling parameter e. The 
output modes aq , &i are then combined on the beam split- 
ter, and the resulting state \ip') = [/(ir/i, 0)\i/j) is 

n„(n) J 

x \^i{e lv + e^')) ai \^n{-e^ + e^')) bl 

® I V(l - e)ne^) a2 | V(l - e)ne^') b2 . (4.3) 

After the beam splitter, photodetection is performed 
on each mode. Consider the result where A photons 
are detected in mode a\ and B photons are detected in 
mode bi after the beam splitter. The consequence of 
this measurement is that the state is collapsed to 
oc [(A|(_B|] \4>'}, which we write (ignoring normaliza- 
tion now) 

x W{1- e)ne^) a2 W(l-e)ne^') b2 , (4.4) 

where 

C a ,bM) = (A\yf^{e^ + e^))(B\yff{-e^ + ^)). 

(4.5) 

The effect of the collapse is that the distribution over 
ip, ip' is no longer uniform, as captured by the function 
CA^itp,^')- Ignoring factors that are independent of 
tp, ip' and which are removed by normalization, we have 

C a ,b(<P,<p') oce- 4(A+s)(v4V)/2 |cosA| A |sinA| s , (4.6) 

where A = (ip — (p')/2, and where we have used the 
expansion (|2.1|) of coherent states in terms of number 
states. Note that the presence of the factors e~ m ^ +v > 
and e -i{A+B)( v + v ')/2 ensure t hat g^J) is still a state of 




FIG. 2: The magnitude |Ca,b(v, v')I °f the function in 
Eq. 114. 91 . normalized to have unit magnitude at its peak, 
is plotted as a function of |A| = \<p — (f'\/2 for equal photo- 
counts A — B = 1 (dotted line), A = B — 4 (dashed line) 
and A = B = 64 (solid line). 



definite photon number. Moreover, it is a highly entan- 
gled state, and as mentioned above such entanglement 
will be highly robust - to destroy this entanglement re- 
quires a violation of the PNSSR. The robustness of such 
entanglement was first noted and investigated numeri- 
cally by M0lmer [3l| . 

The distribution \Ca,b{^i y')l ^ s peaked at two values: 

A = ± arctan( v / J B/^l) , (4.7) 

within the range [— n/2, tt/2]. Thus, photodetection col- 
lapses the joint state of the cavities into one with corre- 
lations in the phase. Moreover, the width of the distribu- 
tion over A at each peak becomes narrower the greater 
the total number of photons N = A + B detected. In 
terms of the difference A — A from each of the maximum 
values, the relation [l8| 

/ A A R B ,u 
I cos A|^| sin A| B ~ y -j^- [cos(A - A)] 2N , (4.8) 

valid for large N, gives an expansion for (|4.ti|) in terms of 
this difference for large N as 

|CU, B (¥>,¥>') I « [cos(A-A)] 2W 

ocexp(-|iV(A- A) 2 ) . (4.9) 

For large N, the distribution approaches a Gaussian with 
standard deviation proportional to 1/y/N. Fig. Ogives 
a plot of the magnitude \Ca,b(<P, V 5 ')! f° r a specific ratio 
B/A= 1, for various total photon counts N. 

In the limit TV — > 00, the distribution C((p, tp') ap- 
proaches a sum of two delta functions centred at ±A. 
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(The fact that this photodetection measurement only de- 
termines a phase difference between the cavities and does 
not determine which cavity has the advanced phase re- 
sults in two peaks rather than one.) Thus, as a larger 
number of photons are detected, the state of the modes 
a 2 , &2 given by (|4.4(l becomes closer and closer to a super- 
position over coherent states with a fixed relative phase; 
they become "phase locked". As such, scanning across 
a phase shift introduced between the two modes a 2 , 62 
results in a standard interference pattern, such as is nor- 
mally attributed to arising from the interference of two 
coherent states. 



HOMODYNE DETECTION 



Homodyne detection involves the mixing of a signal 
field state with a coherent local oscillator field (typi- 
cally assumed to be in an independent coherent state) 
at a beam splitter 0, H^, HI] , with photodetection at the 
output modes. In balanced homodyne detection |33| . a 
50/50 beam splitter is employed. The difference pho- 
tocurrent for the two photodetectors is measured and 
used to infer quadrature phase statistics for the signal 
field. By varying the phase 9 of the local oscillator, homo- 
dyne detection over the full set of relative phases between 
the signal field and the local oscillator can be obtained; 
from these data, the density matrix for the signal field 
can be inferred. 

It is clear that in the standard description of homo- 
dyne detection the local oscillator provides an absolute 
phase reference, yet our preceding analyses make it clear 
that such a phase reference is not available in quantum 
optics. Although the theory of homodyne detection is 
well understood 0, H3 , the interpretation is predicated 
on the assumption that the local oscillator is indepen- 
dently preparable with reasonably definite overall phase. 
Our objective in this section is to show that homodyne 
detection is just as effective for number state sources, al- 
beit with the restriction (always employed in practice in 
quantum optics) that the signal field and local oscilla- 
tor are derived from the same source. This important 
requirement is simply that the signal and local oscilla- 
tor have a localized phase difference; describing number 
state sources in the entangled coherent state representa- 
tion clearly reveals how this requirement is satisfied. 

A schematic for homodyne detection utilizing a com- 
mon source is given in Fig. [3J Consider the case where 
the common source is a number state |n), which is mixed 
with the vacuum via a linear coupler to yield a pre-signal 
field and a "local oscillator". The linear mode coupler 
output for a beam splitter with choice of relative phase 
4> = — tt/2 and reflectivity r — cos 9 (typically chosen 
to be near unity, making the local oscillator strong com- 
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FIG. 3: Schematic of a homodyne scheme involving a common 
source. This source is split into a local oscillator and a pre- 
signal field; the pre-signal undergoes a unitary transformation 
V to give the signal field. All components inside the dashed 
box represent a homodyne detection scheme. 



pared to the pre-signal) is given by (|2.21() as 

I 



tf(0,-7r/2)|n,O) = 



VU»(n) 

x iV^cosfle'VV^sintfe^) . (5.1) 



The first output mode is subjected to a unitary transfor- 
mation V; the resulting state is 

(V<8>l)ET(0,-7r/2)|n,O) 

' f£tpe- inv (V\Vncos6e iv )) \i^sm9e ilp ) . 



n„(n) 



(5.2) 



The validity and convenience of assuming an independent 
local oscillator in a coherent state is made evident by the 
above equation. If the source were a coherent state, the 
pre-signal and local oscillator are in a product state and 
can be considered independent. With the number state 
approach, the local oscillator is not independent but is 
rather is entangled with the source of the signal state. 
This approach reveals that the nature of homodyne de- 
tection is interferometric: it can be used to characterize 
a process (given by the unitary V in this case) rather 
than a state. In particular, reconstruction of the state 
of the signal mode through optical homodyne tomogra- 
phy relies on the belief that the local oscillator is 
in a coherent state. Our analysis reveals that this be- 
lief is unfounded; however, such tomography can be used 
more appropriately to reconstruct information about the 
process regardless of the nature of the common source. 

Of course the above analysis is somewhat simplified, 
and more general signal field states can certainly be con- 
sidered - such as homodyne detection of one mode of a 
two-mode state, decoherence and losses included in the 
transformation of the signal mode, entanglement with 
ancilla modes and so on. However, the conclusions for 
these cases remain unaffected. 

In summary, quantum optics sources satisfy the invari- 
ance condition (|2.14|) . and, therefore, independent local 
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oscillators with specified optical phase are not available. 
The reason that we assume independent local oscillators 
is that the local oscillator and the signal field are phase- 
locked, for example by originating from the same coher- 
ent source. A decomposition of the density operator in 
the coherent state basis makes this clear but has also led 
to the misconception that coherent states are the "ac- 
tual physical" states. Here we have shown how the same 
result occurs by assuming that the source produces num- 
ber states instead of coherent states and demonstrated 
that the entangled coherent state representation yields, 
in a transparent way, an interpretation of homodyne de- 
tection as taking place on an entanglement of product 
states, one for the signal and the other for the local oscil- 
lator, with the entanglement being over the optical phase. 

VI. SQUEEZED LIGHT 

The generation of two-mode squeezed light is described 
by the interaction Hamiltonian 29] 

^sq(C) = KCc^ab - (ctftt), (6.1) 

with c the annihilation operator for the pump field, a 
the annihilation operator for the signal field and b the 
annihilation operator for the idler field. One pump pho- 
ton is annihilated via this process to produce a pair of 
signal and idler photons that are correlated in momen- 
tum, energy, time of creation and joint quadrature phase 
measurements. The unitary evolution generated by the 
squeezing Hamiltonian is given by 

U s(1 ((t) = exp(C* tc f aS - (tctftf), (6.2) 

with t the time of evolution. Calculations with these 
three-mode operators are cumbersome and are generally 
done either in the low-(£i) limit or by replacing the pump 
field annihilation operator c by a c-number. 

This c-number replacement is employed in investigat- 
ing squeezed light, such as that generated by a second- 
order nonlinear optical process in the below-threshold 
regime. Ideal two-mode squeezing is then obtained if 
the pump field is treated as a classical coherent pump 
field with a definite phase. In this case, we replace c 
by 7, with arg(7) the phase of the pump field, and let 
X = Cl*t- Then the idealized squeezing unitary evolu- 
tion is given by 

U sq ( X )=eMx*ab- X a r tf). (6.3) 

Thus, by treating the pump as a classical field with a 
definite phase, the effect of this transformation on the 
vacuum state for modes a and b is the two-mode squeezed 
vacuum 

lxU = £/ sq (x)|0,0) ah . (6.4) 

It should be noted that two-mode squeezing, as de- 
scribed by the unitary evolution operator (|6.3|l . can 



equally well be generated by two single-mode squeez- 
ers mixed at a beam splitter 0, |j| , where the same 
pump field is used for both squeezers and has definite 
phase (that is transferred to the squeezing orientation); 
the ideal single-mode squeezing Hamiltonian is given by 

H = xa 2 + X*a n - (6.5) 

However, we discuss only the direct generation of two- 
mode squeezing; the principles elucidated here apply just 
as simply to the case of two-mode squeezing generated by 
mixing two single-mode squeezed fields. 

Consider now squeezing where the pump field is in a 
number state \n). Again, expressing this number state in 
our coherent state representation, the squeezing transfor- 
mation l|6.3l) gives 

C/ sq ( X )|n) c |0,0) Qb = -j=L= / far*"* 
\/II n (n) J 

ef** etaS -^ ea+St |V^e^) c |0,0) o6 . (6.6) 

Care must be taken in making the analog of the classical 
pump approximation for a coherent state source. How- 
ever, if n is large, it is valid to replace c with the c-number 
y/ne lv inside the integral. Defining X (v) = ^/nC,tc lip and 
using Eq. (|6.4() yields 

£/ sq ( X )|n) c |0,0) a6 

~ — L= f M- inip \^) c \x(v)}a b . (6.7) 

Thus, the modes a and b are in a two-mode squeezed 
state, entangled via the phase with the state of the pump. 
This state clearly exhibits the distillable entanglement of 
van Enk and Fuchs |14j: an appropriate measurement 
on the pump mode will collapse modes a and b into a 
two-mode entangled state. Note, however, that such a 
measurement violates the PNSSR. 



VII. CONCLUSIONS 

The fact that quantum optics operationally obeys 
a PNSSR ensures that it is equally valid to treat all 
sources as either distributions of number states or co- 
herent states. Traditionally, the coherent state approach 
has been standard due to the ease of calculations. Here, 
we have presented a powerful and useful tool to carry 
out calculations using number state sources with the ease 
of coherent states through the entangled coherent state 
representation. We have demonstrated that, in many 
standard concepts and experiments in quantum optics 
where it appears necessary to employ coherent states, it 
is equally as valid to describe them using sources of num- 
ber states. In addition, we have shown how to provide a 
simple analysis of the interference between two initially 
independent Fock states of photons. 
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Considerable debate has occurred over the use of co- 
herent states in continuous variable quantum teleporta- 
tion. In quantum teleportation, a quantum state can be 
transmitted by two parties (referred to as Alice and Bob) 
who share an entangled resource and a classical commu- 
nication channel. In the standard nomenclature, Alice is 
the sender, and she performs a joint measurement on her 
received quantum state and her portion of the entangle- 
ment resource and sends the results of her measurement 
to Bob. Bob transforms his portion of the entanglement 
resource into a replica of the original state based on the 
classical information he receives from Alice. 

One experimental approach to quantum teleportation 
has been the teleportation of coherent states || M, ED • 
However, as we have shown, coherent states are not phys- 
ical but rather just a convenient representation. More- 
over, a description involving number state sources should 
be equally valid. The teleportation of coherent states 
is thus quite interesting because this interpretation is 
only meaningful if the coherent state decomposition of 
the density matrix is adopted. It has been suggested 
by van Enk and Fuchs [Tj| that acquiring a technology 
for complete phase measurements could overcome this 
hurdle, but as we have discussed, these measurements 
would break the PNSSR. As our results show, it would be 



equally valid to carry out the calculations for continuous 
variable quantum teleportation for a number state source 
(using the entangled coherent state representation) . The 
result would no longer be interpretable as a standard 
quantum teleportation experiment, because the state to 
be teleported, the shared squeezed vacuum of Alice and 
Bob, and the local oscillators used by Alice and Bob for 
homodyne measurements, displacements, and final ver- 
ification of quantum teleportation are all entangled via 
the linear coupling of the common source field [12| . 
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